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Abstract

In this study numerical predictions of local and global entropy generation rates in natural convection in air in a vertical channel sym-
metrically heated at uniform heat flux are reported. Results of entropy generation analysis are obtained by solving the entropy generation
equation based on the velocity and temperature data. The analyzed regime is two-dimensional, laminar and steady state. The numerical
procedure expands an existing computer code on natural convection in vertical channels. Results in terms of fields and profiles of local
entropy generation, for various Rayleigh number, Ra, and aspect ratio values, L/b, are given. The distributions of local values show dif-
ferent behaviours for the different Ra values. A correlation between global entropy generation rates, Rayleigh number and aspect ratio is
proposed in the ranges 103

6 Ra 6 106 and 5 6 L/b 6 20.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

The optimal design criteria for thermal systems by min-
imizing their entropy generation have recently been a topic
of great interest in the fields related to thermal power
plants, heat exchangers, energy-storage systems, and elec-
tronic cooling devices [1,2]. In these criteria, the total
entropy generation in the designed systems can be mini-
mized under some physical and geometric arrangements,
and an optimal configuration with minimum loss of avail-
able energy may be obtained [2]. Analytical procedures for
evaluating local entropy generation and thermal optimiza-
tion were summarized in [2,3] and many applications have
been carried out to fluid flows with analytical solutions for
the velocity and temperature fields as for example in [4–15].
0017-9310/$ - see front matter � 2006 Elsevier Ltd. All rights reserved.
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Inclusion of entropy generation calculations in compu-
tational fluid dynamics codes would allow the evaluation
of local entropy generation in more complicated thermal
phenomena as remarked in [16]. One theoretically correct
measure of thermodynamic performance is the magnitude
of thermodynamic irreversibilities associated with a com-
ponent or process. It can be shown that the minimization
of entropy generation also results in the maximum reduc-
tion of irreversibility (see for example [2]). The develop-
ment of improved thermal designs is enhanced by the
ability to identify clearly the source and location of entropy
generation.

Systems of individual components can be optimized by
estimating the net entropy generation for complete compo-
nents, but the development of novel components and pro-
cesses should benefit from knowing the distribution and
sources of entropy generation on a local level. In a convec-
tive channel flow, the irreversibility arises due to the heat
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Nomenclature

a thermal diffusivity, m2/s
b channel gap, m
Cp specific heat at constant pressure, J/(kg K)
Ec Eckert number, Eq. (8)
g acceleration due to the gravity, m/s2

Gr Grashof number, Eq. (5)
k thermal conductivity, W/m K
L channel plate height, m
Lx height of the reservoir, m
Ly width of the reservoir, m
Pr Prandtl number, Eq. (5)
_q heat flux, W/m2

r2 regression coefficient
Ra Rayleigh number, Eq. (6)
T temperature, K
T* dimensionless temperature, Eq. (8)
S000 volumetric rate of entropy generation, W/

(m3 K)
S* dimensionless volumetric entropy generation

rate, Eq. (8)

S�X ;Y global entropy generation rate, Eq. (27)
u, v velocity components along x, y, m/s
U, V dimensionless velocities, Eq. (5)
x, y cartesian coordinates, m
X, Y dimensionless coordinates

Greek symbols

b volumetric coefficient of expansion, 1/K
h dimensionless temperature, Eq. (5)
l dynamic viscosity, Pa s
m kinematic viscosity, m2/s
w stream function, m2/s
W dimensionless stream function, Eq. (5)
x vorticity, 1/s
X dimensionless vorticity, Eq. (5)

Subscript

1 free stream condition
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transfer as well as the viscous friction of the fluid. Theoret-
ically, as long as the velocity and temperature gradients are
known, the entropy generation at each point in the flow
field can be calculated by means of the velocity and temper-
ature data. Examples of calculation of local entropy pro-
duction are reported in [16–23]. A numerical procedure
for the prediction of local entropy rates was developed in
[16] and it was applied to convective heat transfer in a jet
impinging on a heated wall. The problem of entropy gener-
ation rates for mixed convection flows in a finned vertical
channel was carried out in [17]. Evaluation of entropy gen-
erated in a conjugate heat transfer problem was obtained in
[18]. The problem was the combined conduction–convec-
tion heat transfer due to a laminar confined planar imping-
ing jet on a finite thickness plate. A numerical investigation
for the evaluation of minimum entropy generation in nat-
ural convection in an inclined enclosure was accomplished
in [19]. A two-dimensional laminar transient problem in
stream-function-vorticity formulation, with Boussinesq
approximation, was solved and local entropy generation
was evaluated and presented in order to select the optimum
inclination angle in terms of minimum entropy generation.
Entropy generation in two-dimensional steady state lami-
nar mixed convection from an isothermal rotating cylinder
was carried out numerically in [20]. The results showed that
the total generation entropy increased with the increase of
both Reynolds number and buoyancy parameter but
decreased with the increase of cylinder radius. Entropy
generation calculations of two-dimensional laminar natural
convection in an inclined cavity filled with saturated por-
ous media was obtained by a numerical procedure in [21].
The local entropy generation maps were feasible and gave
useful information for the selection of a suitable inclination
angle. A numerical analysis of entropy generation in tran-
sient natural convection in a two-dimensional cavity with
the two vertical surfaces at different temperatures was per-
formed in [22]. Results showed that the total entropy gen-
eration presented a maximum value at the onset of the
transient state. This maximum increased with the Rayleigh
number and the irreversibility distribution ratio. Entropy
generation, at steady state, was spread over the whole cav-
ity at small Rayleigh numbers and was confined close to the
active walls at high Rayleigh numbers. A numerical study
of the effect of aspect ratio and surface waviness on heat
transfer and entropy generation for natural convection in
bent cavities was carried out in [23]. It was found that in
conduction regime the irreversibility was dominated by
the heat transfer. Increasing Rayleigh number the overall
entropy generation was dominated by the fluid friction irre-
versibility. It seems to the authors’ knowledge that the
entropy generation analysis for natural convection in verti-
cal channels has not been studied.

In this investigation, numerical behaviours of local and
global entropy generation rates in natural convection in air
in a vertical channel symmetrically heated at uniform heat
flux are analyzed. Numerical solutions of the elliptic
momentum and energy equations are carried out with the
stream-function-vorticity method. Results of entropy gen-
eration analysis are obtained by solving the entropy gener-
ation equation based on the velocity and temperature data.
The analyzed regime is two-dimensional, laminar and
steady state. The numerical technique employed to discret-
ize the equations is the control volume method on a uni-
form grid. Results are given in terms of entropy
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generation fields and local entropy generation profiles, for
various physical and geometrical parameters. Moreover, a
correlation between global entropy generation values and
significant parameters is given.

The usefulness of the entropy generation analysis in nat-
ural convection problems allows:

• to get an indication of the possible geometry modifica-
tions aimed to enhance the thermal performance of the
system by means of local entropy production;

• to carry out a more complete thermal analysis of the
considered configuration in order to compare this con-
figuration with other similar geometries.

However, few complete thermal studies with an entropy
generation analysis in natural convection have been pro-
posed. Moreover, a numerical study about the entropy gen-
eration for natural convection in a vertical channel has not
yet been considered.

2. Problem formulation

The configuration of the problem studied in this paper is
depicted in Fig. 1(a). It is a vertical parallel plate channel;
the parallel plates height is L whereas the channel gap is b.
The channel walls are heated with a uniform heat flux
equal to _q.

The flow is considered to be steady and laminar and the
fluid properties are assumed to be constant except for the
density in the buoyancy term of the momentum equation
for the vertical direction, which is treated according to
the Boussinesq approximation.

As described in [17], the expression for the volumetric
rate of entropy generation is
L
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Fig. 1. Geometry of the problem: (a) physical configuration and (b)
computational domain.
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By defining the dimensionless stream-function and vor-
ticity as

U ¼ oW
oY

; V ¼ � oW
oX

; X ¼ oV
oX
� oU

oY

the transformed governing equations, in dimensionless
form, can be written in the following way:
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The dimensionless variables are:

X ¼ x
b
; Y ¼ y

b
; U ¼ ub

m
; V ¼ vb

m

h ¼ ðT � T1Þk
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The Rayleigh number is defined as:

Ra ¼ Gr Pr ð6Þ
By following a similar non-dimensionalization proce-

dure, the dimensionless form of the entropy generation
equation is:
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where

S� ¼ S000b2

k
; T � ¼ h _qb

kT1
þ 1

� �
and Ec ¼ ðm=bÞ2

CpT1
ð8Þ

From a numerical point of view, an enlarged computa-
tional domain was chosen to simulate the free-stream con-
ditions. The computational domain is made up of the
simple vertical channel and two reservoirs of height Lx

and width Ly, which are placed upstream and downstream
of the channel. Due to thermofluidynamic and geometrical
symmetries, the problem is solved in half domain, as shown
in Fig. 1(b). The numerical solution of the thermal and
dynamic fields was carried out as reported in [24]. The
numerical solution of Eq. (7) has been carried out by
employing the control volume method on a uniform grid
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and a central scheme has been employed to discretize the
various derivatives.

3. Analysis for fully developed case

In order to examine the behaviour of entropy produc-
tion rate for lower Rayleigh number values, Ra(b/L) <
0.14, corresponding to the fully developed flow in laminar
natural convection, the analytical solution of this motion is
employed. Velocity and temperature profiles were carried
out by [25] and their dimensionless form defined in Eqs.
(5) is:
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The constants ci (i = 1,2,3,4) are:
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For fully developed flows along the channel, at Gr(b/L) 6
0.20, it results

V ¼ 0 and
oU
oX
¼ 0 ð22Þ
and the dimensionless local entropy production, Eq. (6), is
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The global entropy generation rate, S�XY , is obtained by
integrating Eq. (23) with respect to X and Y coordinates

S�X ;Y ¼
Z L=b

0

Z 1

0

S�ðX ; Y ÞdX dY ð27Þ
4. Results and discussion

Numerical results are presented in terms of entropy gen-
eration rates as local and over cross sections as global. The
working fluid is air (Pr = 0.71), the channel aspect ratio,
L/b, ranges between 5.0 and 20 and the Rayleigh number
varies in the range [103–106] for developing flows whereas
for fully developed flows Ra(b/L) is less than 0.14, as given
by [25].

In Figs. 2 and 3, the distribution of local entropy gener-
ation rates is reported for Ra = 103 and 106 and for the
aspect ratio equal to 5 and 10. In these figures the distribu-
tions are given inside and outside the heated channel. The
extensions outside the channel are a small part of the two
reservoirs.

Inside the channel, local distribution of entropy genera-
tion rates for Ra = 103, Fig. 2, presents curves at same
entropy generation parallel to the channel walls, showing
their minimum value along the centerline. This is due to
the presence of thermal gradients along the channel trans-
versal sections, which represent the highest contribute to
the irreversibility. Moreover, the contour lines are parallel
to each other because velocity and temperature profiles are
fully developed at the lowest Rayleigh number value
(Ra = 103). At the channel inlet (X = 0) and outlet (X =
L/b) sections, it is observed that the isentropic lines are
no more parallel to the channel plates. At the inlet section,
they spread out and then they thicken close to the corner.
In this reservoir zone, there are thermal gradients due to
the presence of diffusive effects. At the channel inlet section,
temperature differences between fluid and channel plates
are present, too. These differences are highlighted by the
elliptic numerical model employed in the momentum and
energy equation solution. Moreover, for the reason given
above, a field distortion close to the outlet zone is observed.
In this zone there are the highest values of local entropy
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Fig. 3. Contours of normalized local entropy generation rate values at
Ra = 106 with (a) L/b = 5 and (b) L/b = 10.

4

5
2

1

5

6

1
3

6 1.07E+00

5 5.39E-01

4 1.93E-01

3 4.15E-02

2 1.41E-02

1 9.11E-04

Ra = 103

L/b = 5

(a)

1
3

6

3

5

4

2

6 1.79E+00

5 7.54E-01

4 4.11E-01

3 7.17E-02

2 2.92E-04

1 1.14E-06

Ra = 103

L/b = 10

(b)

Fig. 2. Contours of normalized local entropy generation rate values at
Ra = 103 with (a) L/b = 5 and (b) L/b = 10.
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generation; these values are obtained at the corner.
Entropy generation values not equal to zero are noticed
in the upper reservoir due to the presence of thermal gradi-
ents. The effects are stronger for the configuration with L/
b = 5, Fig. 2(a), than for the configuration analyzed in
Fig. 2(b) (L/b = 10).

For the highest Rayleigh number value, Fig. 3, it is
observed that the isolines are deviated towards the channel
symmetry line. The deviation is as greater as lower the
aspect ratio is, Fig. 3(a). This is due to the higher thermal
gradients close to the channel plate and to the channel inlet
because the boundary layer thickness is smaller at the high-
est Ra value (Ra = 106) and then velocity and thermal pro-
files are developing. It demonstrates that, at Ra = 106,
thermal and dynamic fields are not completely developed.
In Figs. 2 and 3, it has to be observed that local entropy
generation values, as reported in the legend, are normalized
by the corresponding maximum value attained inside the
channel. In order to compare the values pertinent to differ-
ent analyzed configurations, it is necessary to specify that
these maximum values are: 5.35 · 10�8 at Ra = 103 and
L/b = 5, 4.90 · 10�8 at Ra = 103 and L/b = 10, 6.07 ·
10�2 at Ra = 106 and L/b = 5 and 6.19 · 10�2 at Ra =
106 and L/b = 10.

Normalized local entropy generation values as function
of the transversal coordinate Y are reported in Figs. 4 and
5, for Ra = 103 and Ra = 106, respectively.

For Ra = 103 and L/b = 5, Fig. 4(a), it is observed that
at the inlet section there is a strong local entropy genera-
tion decrease; in fact at X = 0, the local entropy generation
passes from the maximum value equal to 1 at the channel
wall to about 0.37 at Y = 0.10. So there is a decrease of
63% with respect to the maximum local entropy generation
inside the channel whereas at Y = 0.4 local entropy gener-
ation values are close to zero. Increasing X, the area
defined by the local entropy generation profile increases
and at X = 2.5 it attains the greatest value among the three
analyzed values. At X = 2.5, on the channel plate, the pro-
file attains the minimum value, which is equal to 87% with
respect to the maximum value whereas at X = 5.0, the min-
imum entropy generation value is 91% with respect to the
maximum value. Close to the channel plate, the decrease
along the cross section for X = 2.5 is lower than the one
in the channel central zone. In fact, close to the channel
plate, the local entropy generation values decrease up to
77% at Y = 0.1, up to 51% at Y = 0.2 and up to 26% at
Y = 0.3. From Y = 0.3 the profile tends to a value close
to zero. At X = 5.0 the profile shape is different with
respect to the one at X = 2.5. The local entropy generation,
referred to the maximum value, decreases more rapidly
going from 91% at Y = 0.0 to 52% and 26% at Y = 0.1
and Y = 0.2, respectively.

For L/b = 10, Fig. 4(b), the local entropy generation
decrease at the channel inlet is slightly slower than for
the previous configuration for L/b = 5, varying from 1 at
Y = 0.0 to 0.41 at Y = 0.1. The decrease is slightly slower
at X = 5.0 and 10 than at the channel inlet, too.

For Ra = 106, Fig. 5, local entropy generation tends to
zero at all the analyzed cross sections. This confirms that



Fig. 6. Normalized local entropy production rate profiles for fully
developed flow at L/b = 20 for Ra = 1.42 and 2.84.
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Fig. 5. Normalized local entropy generation rate profiles at Ra = 106 with
(a) L/b = 5 and (b) L/b = 10.

(b)

(a)

Fig. 4. Normalized local entropy generation rate profiles at Ra = 103 with
(a) L/b = 5 and (b) L/b = 10.
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the more disturbed zone has a lower thickness at this Ra

value than the one corresponding to Ra = 103, for the same
L/b value. For L/b = 5, Fig. 5(a), at the inlet section, the
local entropy generation value varies from 1.0 at the chan-
nel wall to 0.18 at Y = 0.1 and about 0 at Y = 0.3. At the
sections X = 2.5 and 5.0, the values at the channel walls
are 0.93 and 0.92, respectively so as at Y = 0.05 where they
assume very similar values, approximately equal to 0.70.
They become negligible at Y = 0.3. For L/b = 10,
Fig. 5(b), the profiles attain values slightly higher than in
the previous case (L/b = 5). In fact, at Y = 0.0 the local
entropy generation value is equal to 0.95 at X = 5.0 and
0.94 at the channel outlet. At both X = 5.0 and 10, the
value is 0.72 at Y = 0.05, whereas at Y = 0.10 the values
are 0.43 at X = 5.0 and 0.48 at X = 10.

Local entropy production profiles, S*, for Ra = 1.42 and
2.84 with L/b = 20, corresponding to the fully developed
laminar natural convection condition, are reported in
Fig. 6. For these Ra values the entropy generation rate pro-
files along the transversal section are developed and the
variation along the X coordinate is negligible. For this
reason only one profile is shown for assigned Rayleigh
number. It is observed in Fig. 6 that the slope of the curves
close to the wall, Y < 0.1, increases slightly and for Y > 0.2
the slope decreases. The maximum value is on the wall,



Table 1
Global entropy generation rate vs Rayleigh number and aspect ratio

Ra L/b = 5 L/b = 10 L/b = 15 L/b = 20

103 6.10 · 10�8 1.27 · 10�7 1.83 · 10�7 2.49 · 10�7

104 4.99 · 10�6 1.06 · 10�5 1.64 · 10�5 2.25 · 10�5

105 3.68 · 10�4 8.15 · 10�3 1.30 · 10�3 1.88 · 10�3

106 2.87 · 10�2 6.74 · 10�1 1.12 · 10�1 1.53 · 10�1

Fig. 7. Comparison between numerical and predicted global entropy
generation rate values inside the channel, for the investigated
configurations.
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where temperature and velocity gradients reach the maxi-
mum values. At Y = 0.50 the local entropy production rate
is about 40% and 55% of the maximum value for Ra = 1.42
and 2.84, respectively.

Global entropy generation values for the different ana-
lyzed cases are reported in Table 1. It is to be noticed that
the global entropy generation increases with both aspect
ratio and Rayleigh number increase. Global entropy gener-
ation changes significantly with respect to the Rayleigh
number. These values have been correlated as function of
Ra and L/b; the correlation obtained by means of the least
square method is

log S�X ;Y ¼ �13:2þ 1:91 log Raþ 0:045ðL=bÞ ð28Þ

with r2 = 0.999, 5 6 L/b 6 20, 103
6 Ra 6 106.

In Fig. 7 the proposed correlation in Eq. (28) and the
employed numerical data as a function of the channel
aspect ratio, L/b, for different Ra values, are reported. A
very good agreement between the equation and the numer-
ical data is observed.

5. Conclusions

The evaluation of the entropy production rates in natu-
ral convection in air in a vertical channel symmetrically
heated was carried out numerically by means of a compu-
tational procedure. The numerical procedure expanded an
existing computer code on natural convection. Moreover,
the evaluation of the entropy production rates was carried
out also for the fully developed limit.

Local and global entropy generation rates in terms of
Rayleigh number, Ra, and aspect ratio values, L/b, were
given. The distribution of local values showed different
behaviours for the different Ra values. At Ra = 103 the
lines at constant entropy generation were parallel to the
channel walls whereas they were slightly inclined toward
the centerline at Ra = 106. In both cases the highest local
values were on the corner at the outlet section. At the chan-
nel inlet section, the profiles showed local values going to
zero more rapidly. This effect was stronger at the higher
Rayleigh number values. According to the fully developed
flow results also the entropy production rates presented
fully developed profiles.

Global entropy generation rates increased as both the
aspect ratio increased and the Rayleigh number increased.
The decrease with respect to L/b was lower than that with
respect to Ra value. A correlation among the global
entropy generation rates, Ra and L/b was proposed in
the ranges 5 6 L/b 6 20, 103

6 Ra 6 106. A very good
agreement was obtained between the equation and numer-
ical data.
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